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Abstract 

In this paper, we introduce the concepts of Rota-Baxter operators and differen¬ 
tial operators with weights on a multiplicative n-ary Hom-algebra. We then focus on 
Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie algebras and show that they can 
be derived from Rota-Baxter Horn-Lie algebras, Hom-preLie algebras and Rota- 
Baxter commutative Horn-associative algebras. We also explore the connections 
between these Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie algebras. 

Key words: multiplicative 3-ary Hom-Nambu-Lie algebras, Rota-Baxter algebras, 
Hom-preLie algebras. 

Mathematics Subject Classification(2010): 16W20, 05B07. 


II 

1 Introduction 

Horn-type generalizations of n-ary Nambu-Lie algebras, called n-ary Hom-Nambu-Lie 
algebras, were introduced by Ataguema, Makhlouf, and Silvestrov in [1] . Each n-ary Hom- 
Nambu-Lie algebra has n—1 linear twisting maps, which appear in a twisted generalization 
of the n-ary Nambu identity called the n-ary Hom-Nambu identity. If the twisting maps 
are all equal to the identity, one recovers an n-ary Nambu-Lie algebra. The twisting 
maps provide a substantial amount of freedom in manipulating Nambu-Lie algebras. For 
example, in [1] it is demonstrated that some ternary Nambu-Lie algebras can be regarded 
as ternary Hom-Nambu-Lie algebras with non-identity twisting maps. 

In recent years, Rota-Baxter (associative) algebras, originated from the work of G. 
Baxter in probability and populated by the work of Cartier and Rota CBESIES]^ have 
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also been studied in connection with many areas of mathematics and physics, including 
combinatorics, number theory, operators and quantum held theory fflEESHISlESlES] 
ticular Rota-Baxter algebras have played an important role in the Hopf algebra approach 
of renormalization of perturbative quantum held theory of Connes and Kreimer CSini^ as 
well as in the application of the renormalization method in solving divergent problems 
in number theory ElEl]. Furthermore, Rota-Baxter operators on a Lie algebra are an 
operator form of the classical Yang-Baxter equations and contribute to the study of in- 
tegrable systems EllllEZl Further Rota-Baxter 3-Lie algebras are closely related to preLie 
algebras ^ . 

Thus it is time to study multiplicative n-ary Hom-Nambu-Lie algebras and Rota- 
Baxter algebras together to get a suitable dehnition of Rota-Baxter multiplicative n-ary 
Hom-Nambu-Lie algebras. In this paper we establish a close relationship of our dehnition 
of Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie algebras with well-known concepts of 
Rota-Baxter commutative Horn-associative or Horn-Lie algebras. This on one hand justi- 
hes the dehnition of Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie algebras and on the 
other hand provides a rich source of examples for Rota-Baxter multiplicative 3-ary Hom- 
Nambu-Lie algebras. The concepts of diherential operators and Rota-Baxter operators 
with weights for general (non-associative) Hom-algebras are introduced in Section 2. The 
duality of the two concepts are established. In Section 3 we extend the connections EIEIES] 
from Horn-Lie algebras and Hom-preLie algebras to multiplicative 3-ary Hom-Nambu-Lie 
algebras to the context of Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie algebras. In 
Section 4, we construct Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie algebras from 
Rota-Baxter commutative Horn-associative algebras. In Section 5 we construct Rota- 
Baxter multiplicative 3-ary Hom-Nambu-Lie algebras from Rota-Baxter multiplicative 
3-ary Hom-Nambu-Lie algebras. We also consider the rehned case of multiplicative Horn- 
Lie triple systems. 


2 Differential multiplicative n-ary Hom-algebras and 
Rota-Baxter multiplicative n-ary Hom-algebras 

We hrst recall some concepts related to Hom-algebras. 

Definition 2.1. ^ A Hom-module is a pair {L,a) consisting of a IK-module L and a 
linear selfmap a \ L ^ L, called the twisting map. 

A Hom-algebra is a triple (L, /i, a) consisting of a Hom-module (L, a) and a bilinear 
map p. ■. L ® L ^ L. 

A Hom-algebra (L,p, a) is said to be a multiplicative if for all x,y E L we have 
a{p{x,y)) = p{a{x),a{y)). 

Definition 2.2. ^ A multiplicative n-ary Hom-algebra (L, (, • • ■,),cx) consisting of a 
K.-module L, an n-linear map (,•••,): —)■ L and a linear map a : L ^ L, called the 

twisting map. 
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Definition 2.3. EF A multiplicative n-ary Hom-Nambu-Lie algebra is a triple (L, [•, • • • , •], a) 
consisting of a vector space L over a field K, an n-ary multi-linear skew-symmetric oper¬ 
ation [•,••• , •] : L®” —>■ L and a linear map a satisfying 


[0(1/2), • • • ,a(//n), [xi, ■ ■ ■ ,Xn]] = ^[a(a;i), • • • , [xi,y2, ■ ■ ■ ,//„], • • • ,a{xn)], ( 2 . 1 ) 


2=1 


where a is applied to all the n components outside of the inner bracket. 

In particular, when n = 3, by Eq. 112.1]) . we have 

[a(1/2), 0(1/3), [xi,X2,xf\] =[[xi,y2,yf\,a{x2),a{xfi}] + [a(a;i), [x2,y2,yfi\,a{xfi}] 

+ [a(xi),Q;(a; 2 ), [ 0 : 3 , 2 / 2 ,l/s]] for allxi,X 2 ,x^,y 2 ,yz^L. 

Under the skew-symmetric condition, the equation is equivalent to 

[[xi,X2,xf\,a{y2),a{yfi)] = [[xi,y2,yf\,a{x2),a{xfi)] + [[x2,y2,yf\,a{xfi},a{xi)] 


( 2 . 2 ) 


+ [[a;3,?/2, 1 / 3 ], 0 ( 2 ^ 1 ), 0 ( 3 ^ 2 )] 


and 


[[a;i,a;2,a;3], 0(1/2), 0(2/3)] =[[xi, 2/2,2/3], 0(0:2), 0(0:3)] + [0(0:1), [0:2,2/2,2/3], 0(0:3)] 

+ [0(0:1), 0(0:2), [0:3,2/2,2/3]]• 


(2.3) 


(2.4) 


Definition 2.4. ^ A Horn-associative algebra is a triple consisting of a vector 

space L and a linear map a : L ^ L satisfies 

a{x) ■ {y ■ z) = {x-y) ■ a{z). 

An endomorphism a is said to be an element of the centroid ifa{x-y) = a{x)-y = x-a{y) 
for all x,y E L. 

The centroid of (L, - , 0 ) is defined by 

Cent{L) = {o G End(L) : 0 ( 0 : • y) = a{x) ■ y = x ■ a{y), Vo:, y G L}. 

Definition 2.5. ^ Let {L,-,a) be a Hom-algebra and let A G IK. If a linear map 
P : L ^ L satisfies 


P{x) ■ P{y) = P{P{x) ■ y + X ■ P{y) + Xx ■ y) for all x,y E L, 


(2.5) 


then P is called a Rota-Baxter operator of weight X and (L, •, o, P) is called a Rota-Baxter 
Hom-algebra of weight X. 

Definition 2.6. Let {L, •, o) be a Hom-algebra and let A G IK. If a linear map D : L ^ L 
satisfies 

D{x ■ y) = D{x) ■ a\y) + o'^(o:) ■ D{y) (2.6) 


and 


D o a = a o D, 
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for all x,y E L, where k is a non-negative integer, then D is called an -derivation on 
(Z/, •, Q;). 

More generally, a linear map d : L ^ L is called a derivation of weight A on (L, •, a) 

if 


d{x ■ y) = d{x) ■ a{y) + a{x) ■ d{y) + Xd{x) ■ d{y) (2.7) 


and 


for all x,y E L. 


d o a = a o d, 


We generalize the concepts of a Rota-Baxter operator and differential operator to 
multiplicative n-ary Hom-algebras. 

Definition 2.7. Let \ E K be fixed. A derivation of weight X on a multiplicative n-ary 
Hom-algebra {L, <,■■■,>, a) is a linear map d : L ^ L such that 

d{{xi,-■ ■ ,Xn)) = ^ X^^^~^{d{xi),-■ ■ ,d{xi),-■ ■ ,d{xn)), (2.8) 


where 


d{xi) := di{xi) 


d{xi) i E I, 
a{xi) i ^ I 


for all Xi, - ■ ■ ,Xn E L. Then {L, <,■■■,>, a) is called a differential multiplicative n-ary 
Hom-algebra of weight X. In particular, a differential multiplicative 3-ary Hom-algebra of 
weight X is a multiplicative 3-ary Hom-algebra (L, <,• • •, >, a) with a linear map d : L ^ L 
such that 


d{{xi,X2,X3)) 

= {d{xi), a{x 2 ), a{x 3 )) + (o(a;i), d{x 2 ), a^x^)) + {a{xi), a{x 2 ), d^xs)) 

-E X{d{xi), d{x 2 ), a{x 3 )) -h X{d{xi), a(x 2 ), d{x 3 )) -E X{a{xi), d{x 2 ), d{x 3 )) 
+ X^{d{xi),d{x2),d{x3)). 


Definition 2.8. Let X eK be fixed. A Rota-Baxter operator of weight X on a multiplica¬ 
tive n-ary Hom-algebra (L, <,•••, >, a) is a linear map P : L ^ L such that 


{P{X,), • • •, P{Xn)) =P{ (2.10) 


where 


P{xi) := Pfixi) 


Xi i E I, 
P{xi) i ^ I 


for all xi,- ■ ■,Xn E L. Then (L, <, • • ■,>,a,P) is called a Rota-Baxter multiplicative 
n-ary Hom-algebra of weight X. In particular, a Rota-Baxter multiplicative 3-ary Hom- 
algebra of weight X is a multiplicative 3-ary Hom-algebra (L, <, • • ■,>,a) with a linear 
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map P : L ^ L such that 


{P{X,),P{X2),P{XS)) 

= P{{P{xi),P{x2),X3) + {P{xi),X2,P{x3)) + {xi, P{x2), P{x3)) 
+ X{P{Xi),X 2 , X3) + X{Xi, P{X 2 ),X 3 ) + X{Xi,X 2 , Pixs)) 

+ A^(xi,a;2,a;3)). 


Specially, for a = id Bai and Guo gave the differential and Rota-Baxter operators on 
n-algebra in [6] 

Theorem 2.9. Let {L, <, ■ ■ ■, >, a) be a multiplicative n-ary Hom-algehra over IK and a 
he an algebraic automorphism. An invertible linear map P \ L ^ L is a Rota-Baxter 
operator of weight X on {L, <,■■■,>, a) if and only if aP~^ is a differential operator of 
weight X on (L, <,•••,>, a). 


Proof. If an invertible linear map P : L —)■ L is a Rota-Baxter operator of weight A, 
then for xi, • • • , G L, let j/j = P“^(xj). Then by Eq. fl2.10p . we have 


aP ^((xi, • • •,x„)) 


aP-\{P{y,),--- ,P{yn))) 

a{ ,P{yi)r-- ,P{yn))) 

Al^l-'(aPP-'(xi), • • • , aPP-\xi), • • • , aPP-\xn)) 
Al^l“^(aP-i(xi), • • • , aP-i(xi), • • • , aP-i(x„)). 

,n} 


Therefore aP ^ is a derivation of weight A. 

Conversely, let aP~^ be a derivation of weight A. For xi, • • • ,Xn G A, by Eq. fl2.8p . 
we have 


aP-i({P(xi),---,P(xO)) 

= X\^\-\'^P^P{xi), • • • , ^P^Pixi), • • • , ^P^P(xO) 

=a( Al^l-'(P(xi), • • • , P(x,), • • ■ , P(x„))). 

07 ^^C{l,-,n} 

Therefore, 


{P(xi), • • •, P(x„)) = P( Al^l-'(P(xi), • • •, P(x,), • • •, P(x„))). 

07^/C{l,...,n} 


This proves the result. 


□ 
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3 Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie 
algebras from Rota-Baxter Horn-Lie algebras and 
Hom-preLie algebras 


We first recall the following result. 

Lemma 3.1. ^ Let (L, [, ],a) be a Horn-Lie algebra and L* be the dual space of L. 
Suppose that f G L* satisfies f{[x,y]) = 0 and f {a{x)) f {y) = f{a{y))f{x) for allx,y G L. 
Then there is a multiplicative 3-ary Hom-Nambu-Lie algebra structure on L given by 

[x,y,z\f = f{x)[y,z\+ f{y)[z,x\ + f{z)[x,y] for all x,y, z E L. (3.12) 

Theorem 3.2. Let (L, [,],a,P) be a Rota-Baxter Horn-Lie algebra of weight A. Suppose 
that f E L* satisfies f{[x,y]) = 0 and f{a{x))f{y) = f{a{y))f{x) for all x,y E L. 
Then P is a Rota-Baxter operator on the multiplicative 3-ary Hom-Nambu-Lie algebra 
(L, [,, ]/, a) define in Eq. 19. igl) if and only if P satisfies 

f{x)[P{y),P{z)] + f{y)[P{z),P{x)] + f{z)[P{x),P{y)] E Ker(P + Aid) forallx,y,zE L, 
where id : L —)■ L is the identity map. 

Proof. By Lemma [3.11 L is a multiplicative 3-ary Hom-Nambu-Lie algebra with the 
multiplication [,, ]j defined in Eq. 03.121) . Now for any x,y,z E L, 

[Pix),Piy),Piz)]f 

=f{P{x))[P{y),P{z)] + f{P{y))[P{z),P{x)] + f{P{z))[P{x),P{y)] 

=f{P{x))P{[P{y), z] + [y, P{z)] + \[y, z]) + f{P{y))P{[P{z),x] + [z, P(x)] + A[z, a:]) 

+ f{P{z))P{[P{x),y] + [x,P{y)] + A[a:, 2 /]) 

Applying Eqs. 02. Sp and 03.12p . we obtain 

P([P(x), P{y), z]f + [P{x),y, P{z)]f + [x, P{y), P{z)]f 
+ A([P(x), y, z\f + [x, P{y), z]f + [x, y, P{z)]f) + \^[x, y, z]f) 

=P{f{P{x))[P{y),z] + f{P{y))[z,P{x)] + f{z)[P{x),P{y)] 

+ f{P{x))[y,P{z)] + f{y)[P{z),P{x)] + f{P{z))[P{x),y] 

+ f{x)[P{y),P{z)] + f{P{y))[P{z),x] + f{P{z))[x,P{y)] 

+ X{f{P{x))[y,z] + f{y)[z,P{x)] + f{z)[P{x),y]) 

+ X{f{x)[P{y),z] + f{P{y))[P{z),x] + f{z)[x,P{y)]) 

+ Hfix)[y,P{z)] + f{y)[P{z),x] + f{P{z))[x,y]) 

+ A^(/(x)[|/,x] + f{y)[z,x] + f{z)[x,y])) 

= [P(x), P{y), P{z)]f + P{f{x)[P{y), P{z)] + f{y)[P{z), P(x)] + f{z)[P{x), P{y)]) 

+ Xf{x)[P{y),P{z)] + Xf{y)[P{z),P{x)] + Xf{z)[P{x),P{y)]) 

= [P(x), P{y), P{z)]f + (P + Aid)(/(x)[P( 2 /), P{z)] -f f{y)[P{z), P(x)] + /(;^)[P(x), P(|/)]). 

Then the theorem follows. □ 
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Corollary 3.3. Let (L, [,],a,P) be a Rota-Baxter Horn-Lie algebra of weight zero. Suppose 
that f G L* satisfies f{[x,y]) = 0 and f{a{x))f{y) = f{a{y))f{x). Then P is a Rota- 
Baxter operator on the multiplicative 3-ary Hom-Nambu-Lie algebra {L, [,,]f,a) defined 
in Eq. LS. 1 gl) if and only if P satisfies 

[f{x)P{y) - f{y)P{x), z] + [f{y)P{z) - f{z)P{y),x] + [f{z)P{x) - f{x)P{z),y] G KerP^ 
for all x,y,z E L. 

In particular, if P^ = 0 and f & L* satisfies f{[x,y]) = 0 and f{a{x))f{y) = 
f{a{y))f{x) for all x,y G L. Then P is a Rota-Baxter operator on the multiplicative 
3-ary Hom-Nambu-Lie algebra (L, [, 

Proof. By the proof of Theorem I3.2[ we have 

P([P(x), Piy), z]f + [P(x), y, Piz)]f + [x, Piy), P(^)];) 

= [P(a;), P{y), P{z)]f + P(/(a;)[P( 2 /), Piz)] + f{y)[Piz), P(a;)] + /(^)[P(x), P(|/)]) 

= [P{x), P{y), P{z)]f + P\[f{x)P{y) - fiy)P{x), z] + [f{y)P{z) - fiz)P{y),x] 

+ [f{z)P{x) - f{x)P{z),y]), 

which proves the hrst statement of the corollary. 

If P2 = 0, then 

Pmx), P(!/), z], + lP(x),y, P(z)], + [x, P(y), P(z)],) = lP(x), Pfe), P(z)\,. 

which proves that P is a Rota-Baxter operator on the multiplicative 3-ary Hom-Nambu- 
Lie algebra (L, [,,]/, a). □ 

Lemma 3.4. ^ Let (L, [, ],P) be a Rota-Baxter Lie algebra and a : L ^ L be a Lie 
algebra endomorphism commuting with P. Then {L, [, a, P) is a Rota-Baxter Horn-Lie 
algebra, where [, ]q, = a o [, ]. 

Theorem 3.5. Let (L, [, ], a, P) be a Lie algebra of weight A and aP = Pa. Suppose that 
f e L* satisfies f{[x,y]a) = 0 and f{a{x))f{y) = f{a{y))f{x) for all x,y e L. Then 
(L, [, ,]/,a,P) is a multiplicative Rota-Baxter 3-ary Hom-Nambu-Lie algebra of weight X 
if and only if P satisfies 

f{x)[Piy), P(z)]„ -h fiy)[P{z), P{x)]^ + f{z)[P{x), P{y)],, G Ker(P + Aid), 
where [, ]„ = a o [, ] and 

[x,y:Z]f = f{x)[y,z]c, +f{y)[z,x]a +fiz)[x,y]a forallx,y,z e L. (3.13) 

Proof. By Lemmas 13.41 and IXTl (L, [, ]„, a, P) is a Horn-Lie algebra of weight A with 
the multiplication [, ]q, = a o [, ] and L is a multiplicative 3-ary Hom-Nambu-Lie algebra 
with the multiplication [,, ]/ dehned in Eq. fl3.13p . The rest of the proof is very similar to 
that of Theorem 13.21 so we will omit the details. □ 
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We now study the realizations of Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie 
algebras by Rota-Baxter Horn-associative algebras and Rota-Baxter Hom-preLie algebras. 

Definition 3.6. ^ Hom-preLie algebra is a triple (L, a) consisting of a vector space 
L, a bilinear map * : L ^ L ^ L and a homomorphism a satisfying 

a{x) * iy * z) — {x * y) * a{z) = a{y) * {x * z) — {y * x) * a{z). 

It is obvious that all Horn-associative algebras are Hom-preLie algebras. 

For a Hom-preLie algebra (L, a), the commutator 

[x,y]^:=x*y-y*x, (3.14) 

dehnes a Horn-Lie algebra G{L) = (L, [,]*,«), called the sub-adjacent of the Hom-preLie 
algebra (L, a). 

If a linear map P : L —)■ L is a Rota-Baxter operator of weight A on a Hom-preLie 
algebra (L, a), that is, P satishes 

P{x) * P{y) = P{P{x) *y + X* P{y) + Xx * y) for all x,y e L, 

then P is a Rota-Baxter operator of weight A on its sub-adjacent Horn-Lie algebra G{L) = 
{L, [,]*,«). 

Lemma 3.7. Let {L,*,a,P) be a Rota-Baxter Hom-preLie algebra of weight A. Then 
(L, ■,a,P) is a Rota-Baxter Horn-Lie algebra of weight X, where the multiplication [, ]* is 
defined in Eq. /jS.lfl )- 

Proof. It is obvious that for any x,y, z G L, 

[x,y]* = -[y,x]^. 

Furthermore, for any x,y,z ^ L, 

[a{x), [y,z]^]^ + [a{y), [z,x]^]^ + [a{z), [x, ?/]*]* 

=a{x) * {y * z) — a{x) * {z * y) — {y * z) * a{x) 

+ {z*y) * a{x) + a{y) * {z * x) — a{y) * {x * z) 

— {z * x) * aiy) -1- (x * z) * aiy) -1- a{z) * {x * y) 

— a{z) * {y * x) — {x * y) * a{z) {y * x) * a{z) 

= 0 . 

Moreover 

[P(x),P(7/)]* = P{x)*P{y)-P{y)*P{x) 

= P(P(x) * y + X * P{y) + Xx * y — P{y) * x — y * P(x) — Xy * x) 

= P{[P{x),y]* + [x, P{y)]* + A[x, ?/]*). 


Hence, the conclusion holds. 


□ 





Lemma 3.8. ^ Let (L, o, P) be a Rota-baxter associative algebra where P is a Rota- 
baxter operator of weight A. Let a G Cent{L) and set for x,y E L 

X * y = a{x) o y. 

Assume that a and P commute. Then {L, a, P) is a Horn-associative Rota-baxter alge¬ 
bra. 

Lemma 3.9. Let [L, a, P) be a Rota-Baxter Hom-preLie algebra of weight zero. Assume 
that a and P commute. Then {L, ■,a,P) is a Rota-Baxter Hom-preLie algebra of weight 
zero, where the multiplication ■ is defined as 

X ■ y ■.= P{x) * y — y * P{x) for all x,y E L. (3.15) 

Proof. Let {L,*,a, P) be a Rota-Baxter Hom-preLie algebra of weight zero. For 
any x,y,z E L, we have, 

a{x) ■ {y ■ z) - (x-y) ■ a(z) - (a(y) ■ (x ■ z) - (y ■ x) ■ a(z)) 

=a(P(x)) * (P(y) * z — (z * H(y)) — (H(y) * z — z * P{y)) * a{P{x)) 

— P{P{x) * y — y * P{x)) * a{z) -\- a{z) * P(P(x) * y — y * P{x)) 

— a{P{y)) * {P{x) * z — {z * P{x)) {P{x) * z — z * P(x)) * a{P{y)) 

+ P{P{y) *x — X * P{y)) * oi{z) — a(z) * P{P{y) * x — x * P{y)) 

= {P{y) * P{x)) *a{z) — {P{x) *P{y)) *a{z)-\-a{z) *{P{x) *P{y)) — a{z) *{P{y) *P{x)) 
-\-a{P{x)) *{P{y) *z)—a{P{x)) *{z * P{y)) — {P{y) *z) *a{P{x))-\-{z *P{y)) *a{P{x)) 
-\-a{P{y)) *{P{x) *z)—a{P{y)) *{z * P{x)) — {P{x) *z) *a{P{y))-\-{z *P{x)) *a{P{y)) 
= 0 . 

Furthermore, 

P{P{x) ■ yX ■ P{y)) = P{P‘^{x) * yP{x) * P{y)) — P{y * P‘^{x)P{y) * P{x)) 

= P\x)*P{y)-P{y)*P\x) 

= P{x)-P{y). 


Hence, the conclusion holds. □ 

Lemma 3.10. Let {L,-,a,P) be a Rota-Baxter commutative Horn-associative algebra of 
weight D is an a^-derivation satisfying DP = PD. Then {A,*,P) is a Rota-Baxter 
Hom-preLie algebra of weight where 

X * y = X ■ D{y) for all x,y E L. 


In particular by Lemma\3l% we get a Rota-Baxter Horn-Lie algebra (L, [,]*,«), where 


[x,y]t, = X ■ D{y) — y ■ D{x) for all x,y E L. 


9 



Proof. Let {L,-,a,P) be a Rota-Baxter commutative Horn-associative algebra of 
weight A and DP = PD. Then for any x,y,z ^ L, we have, 

a{x) * {y * z) — {x * y) * a{z) — {a{y) * {x * z) — {y * x) * a{z)) 

=a{x) ■ {D{y) ■ D{z)) + a{x) ■ {y ■ D‘^{z)) - {x ■ D{y)) ■ a{D{z)) 

- «( 2 /) ■ iD{x) ■ D{z)) - a{y) ■ {x ■ D‘^{z)) + {y ■ D{x)) ■ aD{z) 

=a{x){y ■ D^{z)) + {y ■ x) ■ a{D^{z)) 

=a{x){yD^{z)) + {x-y)-a{D^{z)) 

=0. 

Furthermore, 

P{x)*P{y) =P{x) ■ D{P{y)) 

=P{P{x) ■ D{y) + X ■ P{D{y)) + Xx ■ D{y)) 

=P{P{x) *y + X * P{y) + Xx* y). 

Hence, the conclusion holds. □ 

Theorem 3.11. Let {L,*,a,P) be a Rota-Baxter Hom-preLie algebra of weight X. Sup¬ 
pose that f & L* satisfies f{x *y — y*x) = 0 and f {a{x)) f (y) = f{a{y))f{x) for all 
x,y & L. For x,y,z & L, we define 

[x,y,z]f = f{x){y *z- z*y) + f{y){z*x-x*z) + f{z){x*y-y*x). (3.16) 

Then P is a Rota-Baxter operator on the multiplicative 3-ary Hom-Nambu-Lie algebra 

(i. I. . ]/. “) 

f(.x){P{y) » P(z) - P(z) » P(y)) + f(y)(P[z) » P[x) - P(x) » P(z)) 

-(- f{z){P{x) * P{y) — P{y) * P{x)) G Ker(P -|- Aid) for all x,y,z & L. 

Proof. By Lemma ITTI (L, [, ]*, a, P) is a Rota-Baxter Horn-Lie algebra of weight A, 
where [x,y]^ = x*y — y*x. By Lemma [3T] and Theorem l3.21 P is a Rota-Baxter operator 
on the multiplicative 3-ary Hom-Nambu-Lie algebra (L, [,,]/,«) if and only if P satishes 

f{x)[P{y),P{z)]^ + f{y)[P{z),P{x)]^ + f{z)[P{x),P{y)]^eKei{P+Xid) forallx,y,ze L. 

Thus, the proof is completed. □ 

Theorem 3.12. Let (L, o,P) be a Rota-Baxter associative algebra of weight X, where 
a G Cent{L). Suppose that f & L* satisfies f{a{x) oy — a{y) oa:) = 0 and f{a{x))f{y) = 
f {a{y)) f {x) for all x,y & L. For x,y, z ^ L, we define 

[x,y,z]f = fix){a{y) oz-a(z) o y)-hf(y)(a(z) o x - a(x) o z)-hf(z)(a(x) oy - a(y) o x). 

Then P is a Rota-Baxter operator on the multiplicative 3-ary Hom-Nambu-Lie algebra 
(L, [,,]/,«) if and only if 

f{x){P{a{y)) o P{z) - P{z) o P{a{y))) + f{y){P{a{z)) o P{x) - P(x) o P{a{z))) 

-1- f{z){P{a{x)) o P(y) — P{y) o P{a{x))) G Ker(P -|- Aid) for all x, y, ^ G L. 

(3.18) 
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Proof. By Lemma 1X51 (L, a, P) is Rota-Baxter Horn-associative algebra of weight 
A, where x*y = a{x) * y. By Lemma 13^1 (L, [, ]*, a, P) is a Rota-Baxter Horn-Lie algebra 
of weight A, where [x, ?/]* = x*y — y*x. By Lemma 13.11 and Theorem 13.21 P is a Rota- 
Baxter operator on the mnltiplicative 3-ary Hom-Nambn-Lie algebra {L, [, ,]/,«) if and 
only if P satishes 

f{x)[P{y),P{z)l + f{y)[P{z),P{x)l + f{z)[P{x),P{y)leKeT{P+\id) for all x,y, z e L. 

Thns, the proof is completed. □ 

Theorem 3.13. Let {L,*,a,P) be a Rota-Baxter Hom-preLie algebra of weight zero. 
Suppose that f ^ L* satisfies f {a{x)) f (y) = f {a{y)) f (x) and 

f{P{x) *y — y * P{x)) = f{P{y) * x — x* P{y)) for all x,y & L. (3.19) 

Then {L, [,,],«) is a multiplicative 3-ary Hom-Nambu-Lie algebra with the multiplication 

[P I/, z] :={f{x)P{y) - f{y)P{x)) *z-z* {f{x)P{y) - f{y)P{x)) 

+ {f{z)P{x) - f{x)P{z)) *y-y* {f{z)P{x) - f{x)P{z)) (3.20) 

+ - f{z)P{y)) *x-x* {f{y)P{z) - f{z)P{y)). 

Further, P is a Rota-Baxter operator of weight zero on the multiplicative 3-ary Hom- 
Nambu-Lie algebra (L, [,,],«) if and only if P satisfies 

f{x){P\y) * P\z) - P\z) * P\y)) + f{y){P\z) * P\x) - P\x) * P\z)) 

+ f{z){P‘^{x) * P^{y) — P'^iy) * = 0 for all x,y,z E L. 

Proof. By Lemma [3.91 (L, •, a) is a Hom-preLie algebra with the mnltiplication 

X ■ y = P{x) * y — y * P{x) for all x,y E L 

and P is a Rota-Baxter operator on the Hom-preLie algebra (L, •, a). 

If / G L* satisfying f[x-y — y-x) =0, that is, / satishes Eq. fl3.19p . then by Lemma 
13.111 (L, [, ,],a) is a mnltiplicative 3-ary Hom-Nambn-Lie algebra, where 

[x, y, z] =f(x)(y ■ z- z-y) + f{y){z ■ x - x ■ z) + f{z){x ■ y - y ■ x) 

=f{x){P{y) *z- z* P{y) - P{z) *y + y* P{z)) 

+ f{y){P{z) * X — X* P{z) — P{x) * z -h z * P(x)) 

+ f{z){P{x) *y-y* P{x) - P{y) *x + x* P{y)) 

={fix)P{y) - f{y)P{x)) *z-z* {f{x)P{y) - f{y)P{x)) 

+ {f{z)P{x) - f{x)P{z)) *y-y* {f{z)P{x) - f{x)P{z)) 

+ {f{y)Piz) - f{z)P{y)) *x-x* {f{y)P{z) - f{z)P{y)). 

Therefore, Eq. 03.201) holds. 
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By Theorem 13.111 P is a Rota-Baxter operator on the multiplicative 3-ary Hom- 
Nambu-Lie algebra (L, [,,],«) if and only if P satisfies 

0 =P{f{x){P{y) ■ P{z) - P{z) • P{y)) + f{y){P{z) • P(x) - P{x) ■ P{z)) 

+ f{z){P{x)-P{y)-P{y)-P{x))) 

=f{x)P{P\y) * P{z) - P{z) * P\y) - P\z) * P{y) + P{y) * P\z)) 

+ f{y)P{P^{z) * P{x) - P{x) * P‘^{z) - P\x) * P{z) + P{z) * P^{x)) 

+ f{z)P{P\x) * P{y) - P{y) * P\x) - P\y) * P{x) + P{x) * P\y)) 
=f{x){P^{y) * P^z) - P\z) * P\y)) + f{y){P\z) * P^x) - P\x) * P\z)) 

+ f{z){P\x)*P\y)-P\y)*P\x)). 

This proves the statement. □ 


4 Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie 
algebras from Rota-Baxter commutative 
Hom-associtive algebras 

In this section, we construct Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie algebras 
from commutative Hom-associtive algebras together with involutions and derivations. We 
first recall the definition of the involution. 

Definition 4.1. ^ Let A be a commutative Hom-associtive algebra. If a linear map 
uj : A ^ A satisfying for every a,b & A, 

uj{ah) = uj{a)uj{h) 


and 


then bj is called an involution of A. 



Let {L,-,a) be a commutative Hom-associtive algebra, P be a o^-derivation and / 
in L* sa tisfyi ng f{D{x) ■ y) = f{x ■ D{y)), f{a{x))f{y) = f{a{y))f{x). Then by Lemmas 
13.II and [3.101 (L, [, ,]/^D,a) is a multiplicative 3-ary Hom-Nambu-Lie algebra, where 


:= 


fix) fiy) fiz) 
D{x) D{y) D{z) 
X y z 


for x,y, z ^ L. 

Theorem 4.2. Let {L,-,a) be a Rota-Baxter commutative Hom-associtive algebra of 
weight X, D be an -derivation satisfying DP = PD and f in L* satisfying /(P(x) -y) = 
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f{x ■ D{y)), f {a{x))f {y) = f {a{y)) f {x). Then P is a Rota-Baxter operator of weight A 
on the multiplicative 3-ary Hom-Nambu-Lie algebra (L, [,, a) if and only if P satisfies 


fix) fiy) fiz) 
DP{x) DP{y) DP{z) 
Pix) Piy) P{z) 


G Ker(P + Aid) for all x,y,z ^ L. 


Proof. The result follows directly from Theorem 13.21 and Lemma I3.1UI 


□ 


Lemma 4.3. Let {L, •,«) be a commutative Hom-algebra. For a 3 x 3 — matrix M, we 
use the notation 


M := 


xi yi zi 

X2 2/2 ^2 

3^3 2/3 ^3 


[x, if, zj 


and the corresponding determinant, where x, y and z denote the column vectors. Let 
P : L ^ L be a Rota-Baxter operator of weight A and let Pix), Piy) and P(T) denote the 
images of the column vectors. Then we have 


I Pix) Piy) P(T) I = P A'^l-i I P(f) P(f) P(T) 

\ 07 ^ 7 C{l,...,n} 

Proof. By the dehnition of determinants, we have 



sgnia)Pi 

^o-{l))-P(Z/cr(2))^(^cr{3)) 



/ 


sgnia)P 

( >^^^^~^PiXa{l 

ctGS'3 

/ 


\0^/C{l,2,3} 


E 

A'^I-^I P(f) P{y) P(, 


,0^/C{l,2,3} 


as needed. 


□ 


Theorem 4.4. Let {L, a) be a commutative multiplicative Hom-associtive algebra, D be 
an a^-derivation of L and u : L ^ L be an involution of L satisfying 

D{xy) = D{x)y + xD{y) for all x,y E L, 

ojD + Du = 0 


and 


ua = au. 
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Then (L, [,, ]a;,D ,«) is a multiplicative 3-ary Hom-Nambu-Lie algebra with the multiplica¬ 
tion [,, L ® L ® L ^ y x,y,z e L, 


[x,y,z]^^D = 


u{x) uj{y) u(z) 
X y z 

D(x) D(y) D{z) 


(4.21) 


Proof. It is clear that [, ,]uj,d is a 3-ary linear skew-symmetric multiplication on 
L. Now we prove that [, ,]io,d satishes Eq. fl2.3p . Since L is commutative and uj is an 
involution of L which satishes u)D-\-Du = 0 and ua = auj, by Eq. fl4.2ip . V x, y, z,u,v G L, 


u{[x,y,z],,^D) = 


u{x) u{y) u{z) 
X y z 

Du{x) Du{y) Du{z) 


D{[x,y,z]uj,D) = 


Du{x) 

Du:{y) 

Du{z) 


u{x) u{y) u{z) 

X 

y 

z 

+ 

X y z 

D{x) 

D{y) 

D(z) 


D^{x) D^{y) D^{z) 


[[x, y, z]^^D, a{u), a{v)]^^D = 


u{[x,y,z]^^D) 

{[x,y,z]^,D) 

D{[x,y,z]aj,D) 


ua{u) ua{v) 
a{u) a{v) 
Da{u) Da{y) 


u{x) u{y) uj{z) 
X y z 

Duj{x) Du{y) Duj{z) 


a{u) 

Da{u) 



u:{x) u:{y) u(z) 

X y z 
D{x) D{y) D{z) 


ojaiu) ojaiy) 
Da{u) Da{v) 


+ 


+ 


Du{x) 

Du{y) 

Du{z] 

X 

y 

z 

D{x) 

D{y) 

D(zj 

u{x) 

^{y) 

Ul(z) 

X 

y 

z 

D‘^{x) 

D\y) 

D\z) 


uja{u) uja{v) 
a{u) a{v) 

ua{u) u)a{v) 
a{u) a{v) 


Then we have 


[[x, u, v]^^D, a{y), a{z%^D + [[y, a{z), a{x)]^^D + [[ 2 :, a{x), a(|/)]^,D 


hhx,y,z T)!jJ{x) 
+ 0 , 


a{y) a{z) 
Da{y) Da{z) 


oj{u) uj{y) 
u V 


'x,y,z 


X 


u:a{y) 

ua{z) 

uj{u) oj{v) 

Da{y) 

Da{z) 

U V 
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T h 3 x,y,z Dovipc) 

ojaiy) ooa(z) 

u 

V 

a{y) a(z) 

D(u) 

D(v) 

+ ' 3 hx,y,z D‘^{x) 

ooa{y) ua{z) 
a{y) a(z) 

u{u) 

u 

ui{v) 

V 

[[x,y,z]u,,D,a{u 

),a(v)UD, 




where C)x,y,z is the circulation of x, y, z, for example 


^x,y,z DLiJ{x^ 

= Doj{x) 


a{y) a(z) 
Da(y) Da(z) 

a(y) a(z) 
Da{y) Da{z) 


+ Du:{y) 


a{z) a{x) 
Da{z) Da{x) 


+ Du{z) 


a{x) a{y) 
Da{x) Da{y) 


Therefore, (L, [, is a multiplicative 3-ary Hom-Nambu-Lie algebra in the multipli¬ 
cation 04.211) . □ 

Theorem 4.5. Let {L, a, P) be a Rota-Baxter commutative Horn-associative algebra of 
weight X, D be an -derivation of L and uj : L ^ L be an involution of L satisfying 


ojD + Duj = 0, ova = aoo, PD = DP and Poo = ojP. 


Then P is a Rota-Baxter operator of weight A on the multiplicative 3-ary Hom-Nambu-Lie 
algebra (L, [, ,]ui,d,C(), where [, is defined by Eq. 

Proof. Let Xi,X 2 ,X 3 G L. By Lemma 14^ and Eq. 04.2ip . we have 

[P{xi),P{x 2 ),P{x 3 )] =\ uP{x) P{x) DP{x) \ 

= 1 Poj{x) P{x) PD{x) I 


=p 


=p 


=p 


P{x) PD{x) 

V07^/C{1,2,3} 


^'■^'“^1 ^P{x) P{x) DP{ 

V07^/C{1,2,3} 


X) 


X\^\-^[P{x,),Pix2),Pix3)] 

V07^/C{1,2,3} 


This is what we need. 


□ 
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5 Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie 
algebras from Rota-Baxter multiplicative 3-ary 
Hom-Nambu-Lie algebras 

Let (L, a, P) be a Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie algebra of weight 
A. Using the notation in Eq. fl2.10j) . we dehne a ternary operation on L by 

[xi,X2,X:i]p 

= Y. AI^I-'[A(xi),P/(x2),P/(x3)] 

07^/C{1,2,3} (5.22) 

= [P(a;i),P(a;2),a;3] + [P(a;i), 0:2, P(a;3)] -f [xi,P{x2),P{x^)] 

-h A[P(a;i), a;2,0:3] A[a;i, P{x2),x^] + X[xi,X2, P(a; 3 )] + X‘^[xi, X2, X3], 


for xi, X 2 , X 3 e L. 

Then we have the following result. 

Theorem 5.1. Let {L, [,,],a,P) be a Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie 
algebra of weight A. Assume that a and P commute. Then with [,,] in Eq. 15. 2^) . 
(L, [,, ]p, a, P) is a Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie algebra of weight A. 

Proof. First we prove that {L,[, ,]p,a) is a multiplicative 3-ary Hom-Nambu-Lie 
algebra. It is clear that [, ,]p is multi-linear and skew-symmetric. 

Let XI,X 2 ,X 3 ,X 4 ,X 5 e L. Denote yi = [xi,X 2 ,X 3 ]p,y 2 = a{x 4 ),y^ = a{x^). Then by 
Eqs. fl2.4p . fl2.10p and fl5.22p . we have 

[[xi,X2, X3\p, a{x 4 ), a{x5)]p 

=[yi^y2,y3]p 

0^/C{l,2,3} 

07^/C{1,2,3},1^/ 0^/C{l,2,3},lg/ 

E Al^l-'[[P(a;i), P{X 2 ), P{xs)], Pi{y 2 ), Mys)] 

+ E E ^'"NPAxi),Pj(x.2),PAx3j],P,{y.,j,P,(y:4 

07^/C{l,2,3},le/ 0^JC{1,2,3} 

^ Pk{x 2), PK{x3)],a{PK{x4)), a{PK{x,))] 

,5},ifn{l,2,3}=0 

+ ^ \\^\-\P^[Xi),PK{x2),PK{x3)fa{PK{x4)),a{PK{xP)] 

0^iA'C{l,- ,5},iA'n{l,2,3}^0 
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= 5^ X\^\-^[[pK{xi),pK{x2),pK{x^)la{pK{x^)),a{pK^^^^ 

0^^C{l,-,5} 

Since (L, [, ,],a) is a multiplicative 3-ary Hom-Nambu-Lie algebra, for any given 
0^irc{l,-- - ,5}, we have 

^Pk{Xi)^ Pk{x2), Pk^Xs)], Pk{x4), Pr^X^)] 

= [[Pk{Xi), pR^Xi), pR^X^)], Pr{x2), Pr{Xs)] 

+ [[Pr{x2), Pr{x4), Pr{x5)],Pr{x3), Pr{Xi)] 

+ [[Pk{x3), Pr{x4), Pr{x5)],Pr{xi), Pr{x2)]. 

Thus from the above sum, we conclude that (L, [, ,]p,a) is a multiplicative 3-ary Hom- 
Nambu-Lie algebra. 

Further we have 

[P{x,), P{X2), P{x 3 )]p = Al^l-'[A(P(a;i)), Pi{P{x2)), PpPix^))] 

0^/C{l,2,3} 

0^/C{l,2,3} 

= Al'l-'P([A(a;i), Piix2), Pi{xs)]). 

07^/C{1,2,3} 


This proves that P is a Rota-Baxter operator on (L, [,, ]p, a). 


□ 


Theorem 5.2. Let (L, [, ,],a,P) he a Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie 
algebra of weight A. Let d be a differential operator of weight A on (L, [,,],«) satisfying 
dP = Pd and aP = Pa. Then d is a derivation of weight A on the multiplicative 3-ary 
Hom-Nambu-Lie algebra (L, [, ,]p,a), where [, ,]p is defined in Eq. US.22) . 

Proof. Let xi,X 2 ,X 3 G L. Using the nation in Eqs. 02.81) and 02.10^ . we have 

d{[xi,X2,X3]p) = ^ P^^~^d[Pi{Xi),Pi{x2),Pl{x3)] 

0^/C{1,2,3} 

= P-''~^[djPl{xi),djPl{x2),djPj{x3)] 

0^/C{1,2,3} \07^JC{1,2,3} 

= E E P''-^[Pldj{Xl),Pldj{x2),Pldj{x3)] 

0^JC{1,2,3} \05>^rC{l,2,3} 

= ^ P'^^~^[dj{xi),dj{x2),dj{x3)]p. 

0^JC{1,2,3} 

Therefore, d is a derivation of weight A on the multiplicative 3-ary Hom-Nambu-Lie alge¬ 
bra (L, [,, ]p, a). □ 
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Corollary 5.3. Let (L, [,,],«) be a multiplicative 3-ary Hom-Nambu-Lie algebra and a be 
an algebraic automorphism, d be an invertible derivation of L of weight A. Assume that a 
and P commute. Then (L, [,, ]d-ia, o) with [,, ]d-io defined in Eq. LT 22) is a multiplicative 
3-ary Hom-Nambu-Lie algebra. Further 

[x,y,z]d-ia = d{[d~\x),d~\y),d~^{z)]) for all x,y, z e L, (5.23) 

and d is a derivation of weight A on the multiplicative 3-ary Hom-Nambu-Lie algebra 
i.d^i [) ) Q?) ■ 

Proof. By Theorem 12.91 d~^a is a Rota-Baxter operator of weight A on the mul¬ 
tiplicative 3-ary Hom-Nambu-Lie algebra (L, [,,],«). Then by Theorem 15.11 d~^a is a 
Rota-Baxter operator on the multiplicative 3-ary Hom-Nambu-Lie algebra (L, [,, ]d-iQ,, a) 
equipped with the multiplication [, ,]d-ia dehned in Eq. fl5.22|) . By Eq. fl2.10l) . we have 

[x,y,z]d-ia = a~^d{d~^a[x,y,z]d-ia) = d{[d~^(x), d~^(y), d~\z)]), 

as needed. The last statement follows from Theorem 15.2[ □ 

Corollary 5.4. Let (L, [,],a,P) be a Rota-Baxter Horn-Lie algebra of weight A. Suppose 
that f e L* satisfies f{[x,y]) = 0, f{a{x))f{y) = f{a{y))f{x) and 

{P + Xid){f{x)[P{y), P{z)] + f{y)[P{z), P{x)] + f{z)[P{x), P{y)]) = 0. 

Define 

+ fiPiy))i[Piz),x] + [z,P{x)] + X[z,x]) 

+ fiPiz)){[P{x),y] + [x,p{y)] + A[x,2/]) 

+ f{x){[P{y), P{z)] + X[P{y), z] + X[y, P{z)] + X^[y, ^]) (5.24) 

+ fiy)i[Piz),P{x)] + X[P{z),x] + X[z,P{x)] + X'^[z,x]) 

+ f{z){[Pix),P{y)] + >^[P{x),y] + X[x,P{y)] + X^[x,y]), 

for all x,y,z & L. Then (L, [,, ]f^p, P) is a Rota-Baxter multiplicative 3-ary Hom-Nambu- 
Lie algebra of weight X. 

Proof. By Theorem 13.21 

[x,y,z]f = f{x)[y,z] +f{y)[z,x] + f{z)[x,y] 

dehnes a multiplicative 3-ary Hom-Nambu-Lie algebra on L for which P is a Rota-Baxter 
operator of weight A. Then by Theorem 15.R the derived ternary multiplication [, ,]/,p 
from [,,] := [,,]f dehned in Eq. fl5.22p also equips L with a multiplicative 3-ary Hom- 
Nambu-Lie algebra structure for which P is a Rota-Baxter operator of weight A. By direct 
checking, we see that [, ,]f^p thus obtained agrees with the one dehned in Eq. fl5.24p . □ 
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Corollary 5.5. Let (L, [,],a,P) be a Rota-Baxter Hom-Lie algebra of weight zero. Sup¬ 
pose that f e L* satisfies fi[x,y]) = 0, f{a{x))f{y) = f{a{y))f{x) and 

P{f{x)[P{y),P{z)] + f{y)[P{z),P{x)] + f{z)[P{x),P{y)]) = 0. 

Then (L, [,, ]p, P) is a Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie algebra of weight 
zero, where 

[x,y,z\p =f{P{x)){[P{y),z\ + [y,P{z)]) + f{P{y)){[P{z),x\ + [z,P{x)]) 

+ f{P{z)){[P{x),y] + [x, P{y)]) + f{x)[P{y), P{z)] 

+ + f{^)[P{x)^P{y)\ forallx,y,ze L. 

Theorem 5.6. Let {L,[,,],P) be a Rota-Baxter 3-Lie algebra and a : L ^ L be a 
Lie algebra endomorphism commuting with P. Then (L, [,, jo, a, P) is a Rota-Baxter 
multiplicative 3-ary Hom-Nambu-Lie algebra, where [,, ]q, = a o . 

Proof. Observe that [[x, y, z\a, a{u), a{v)]a = <y.[o.[x, y, z], a{u), a{v)] = a‘^[[x,y,z],u,v]. 
Therefore the Eq. fl2.ll) holds. The skew-symmetry is proved similarly. Now we check that 
P is still a Rota-Baxter operator for the multiplicative 3-ary Hom-Nambu-Lie algebra. 

^a(lP(x),P(,y),P(z)]) 

=a(P(|P(i), P(y),z] + [i, P(y), P(z)] + |P(x), y, P(2)| 

+ Hx.y.Piz)] + \\P{x),y, z] + \\x,P{y),z] + A^[x,9, 2])). 

Since a and P commute, we have 

[P{x),P{y),P{z)U 

=P{a[P{x), P{y), z] + a[x, P{y), P{z)] + a[P{x),y, P{z)] 

+ <y{>^[x,y,P{z)]) + a{X[P{x),y,z]) + a{X[x, P{y), z]) + a{X‘^[x,y, z])) 
=P([P(x), P{y), z]a + [x, P(y), P(z)]a + lP(x),y, P(z)]a + A[a;, y, P(z)]a 
+ A[P(a;), y, z]a + A[x, P(y), z]a + X‘^[x, y, z]^). 

This completes the proof. □ 

Definition 5.7. ^ A multiplicative Hom-Lie triple system (L, [,,],«) consists of a K- 
vector space L, a trilinear map : L ® L ® L —)■ L, and a linear maps a : L ^ L called 
twisted map, such that for all x, y, z,u,v ^ L, 

(1) [x,y,y] = 0, 

(2) [x, y, z] + [y, x, z] + [z, x, y] = 0, 

(3) [[x,y,z\,a{u),a{v)] = [[x,u,v],a{y),a{z)]p[a{x), [y,u,v],a{z)]p[a{x),a{y), [z,u,v]]. 

Theorem 5.8. Let (L, [, ,],a,P) be a Rota-Baxter multiplicative Hom-Lie triple system 
of weight X. Define a ternary multiplication on L by [, ,]p ■. L ® L ® L ^ L in Eq. ^5.2‘A) . 
Then (L, [, ,]p,a,P) is a Rota-Baxter multiplicative Hom-Lie triple system. 
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Proof. It is clear that [x, y,y]p = 0 and 

[x, y, z]p + [y, z, x]p + [z, x, y]p = 0 for all x,y,z e L. 
Then the theorem follows from Theorem 15.11 


□ 
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